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Example of modeling a dynamic event



Leerlingen moeilijkheden

(i) het visualiseren van de dynamische 
gebeurtenis

(ii) het denken over het variëren van de 
grootheden en hoe ze afzonderlijk 
variëren en ook in relatie tot elkaar 

(iii) de representatie van deze relatie op 
een wiskundige manier (grafiek, 
tabel, formule, redenering)

Variational and
Covariational reasoning

Modeling dynamic
events

(Thompson & Carlson, 2017; Thompson, 2011; Carlson, Oehrtman, & Engelke, 2010); Johnson & McClintock, 2018)



Add of technology for learning dynamic graphs

• support visualizing relations through 
enabling students to draw, move and 
modify graphs

• create opportunities to investigate 
mathematical contexts of change and 
variation by connecting dynamic 
animations and graphs

• incorporate attributes that can be 
conceived by students as capable of 
varying and possible to measure

(e.g Kaput, 1994 in Johnson & McClintock, 2018)



1 Self-construction 3) Help 1 
https://www.staff.science.uu.nl/~boon0104/Babylon
/help1-3d.html

2) Contrast (provoke cognitive conflict)
4) Help2
https://www.staff.science.uu.nl/~boon0104/Babylon/help2.html

5) Improve or submit

6) Reward

Interactive Virtual Math

https://www.staff.science.uu.nl/%7Eboon0104/Babylon/help1-3d.html
https://www.staff.science.uu.nl/%7Eboon0104/Babylon/help2.html


Aims of the explorative study

• Understand how and why IVM create opportunities for students to 
engage in modeling dynamic situations and covariational reasoning. 
In particular, adding knowledge about students thinking in contexts of 
change and their difficulties in constructing graphs from themselves

• Get directions to improve the instructional environment of IVM that 
can be useful for teachers and researchers interested in using the tool



Five mental actions for covariational reasoning
Carlson et al., (2010)

covriational reasoning is about coordinate changes of a variable while the other 
varies. It involves five mental actions.

M1 coordinating the value of one quantity with changes in 
the other

M2 coordinating the direction of the change
M3 coordinating the amount of change of one quantity 

while imagining successive changes in the other quantity
M4 coordinating the average rate of change of the function 

with uniform increments of change in the input variable
M5 coordinating the instantaneous rate of change of the 

function with continuous changes in the independent 
variable for the entire domain of the function. 
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p.118, Carlson et al, 2010



Digital tools with Intrinsic feedback

• learning occurs when students engage in an internal and 
successive cycle involving cognitive actions 

• modulate concept image and generate actions that brings nearby 
a goal and 

• use the feedback of the environment to modulate practice and 
revise actions.

• learning needs successive cycles

(e.g Laurillard, 2013)



Methodology 

Context and participants
• Explorative study, part of a research- design-cycle
• Nine students from 10th and 11th grade 

Data and data analysis 
• students answers registered in the backlog of the tool
• semi-structured interviews about the way students used 

the tool 
• analysis of students’ graphs and reasoning: framework 

Carlson et al (2010)
• Analysis of students’ engagement and experience with 

the tool: mainly inductive, Laurillard (2013)



Results: modeling the dynamic event and covariational reasoning

Modeling and covariational
reasoning

Type of transformations
observed

example reasoning students
(N=9)

• Generation and
transformation of the
graph in 2/3 trials

• at higher levels 
M2, M3 →M4, M5 

• steepness of the curves 
(straight parts into curve)

• reversing the concavities of 
the graph 

“at a certain point will be 
slower than elsewhere ( ...) 
so first slowly and then 
faster instead of first faster 
and then slower "

5

• Generation and
transformation of the
graph in 2/3 trials

• at lower levels  
(M2 →M3)

• increasing straight line into a 
concave down line 

• concave down line into a 
concave up line

• changing the slope of a 
straight line

"If there is no straight line 
then there must be a 
concave up line or a 
concave down line”

3

• no transformation of the
graph (M2 →M2 )

- - 1



Results: reasons for the tool to support modeling and covariational
reasoning according to students

Modeling and
covariational reasoning

Tool features Example explanation

Generation and
transformation of the
graph at higher levels 
M2, M3 →M4, M5 

• Reward-feature
• Self construction
• 3D-animation 

Generation and
transformation of the
graph at lower levels  
(M2 →M3)

• Reward-feature
• Comparison-task
• 3D-animation 

"when I saw the feedback at the end (....) you can work 
towards a nice graph and you know how it really should look 
like, because you know that at a certain point will be slower 

than elsewhere ( ...) " when your vase is inside you know that 
then you have to go to the other side (...) so first slowly and 

then faster instead of first faster and then slower "

“it really helped that in the end I converted my drawing into 
that shape, as a sphere  because I saw a bit connection” (…)  
"If there is no straight line then there must be a concave up 

line or a concave down line – I will try both.

Reward -feature
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Results: reasons for the tool to support modeling and covariational
reasoning according to students

Modeling and
covariational reasoning

Tool features Example explanation

Generation and
transformation of the
graph at higher levels 
M2, M3 →M4, M5 

• Reward-feature
• Self construction
• 3D-animation 

Generation and
transformation of the
graph at lower levels  
(M2 →M3)

• Reward-feature
• Comparison-task
• 3D-animation 

"you saw in the animation (3D) the round shape of the bowl 
and you saw better how the water was distributed. In the 
beginning that a lot more space had been taken and in the 
middle there is much wider and because of that the graphs 

were very different "

3D-animation



Findings

• Learning gains
• students were able to modulate and revise their actions within the tool
• most of the students produced initially graphs at lower levels (M2, M3) and 

transformed them with the tool in higher level-graphs
• The main features were the reward-feature, the self-construction and the compare

• Critical aspects
• Some students remained at lower level (M3)
• One student only engaged in the modulate-generate cycle when this was combined 

with extrinsic feedback from peer-student and the teacher
• it is not clear if the graph transformation always involve covariational reasoning 
• unclear how students reason with the animations



Impications for re-design

- At the level of the reasoning
- we would adapt the two animations in order to trigger the learner to engage in 

variational and covariational reasoning

- At the level of the interaction with the tool
- Improve technically the features self-construction and reward because they are very

powerful in providing intrinsic feedback 

- At a didactical level
- Develop teacher-friendly materials to be used with the tool that teacher can use to

pose questions and trigger students to comunicate in terms of reasoning
- Integrate the application in a learning trajectory because developing reasoning is a 

long term proces; it takes time and more concrete materials/situatons



Thank you
s.abrantes.garcez.palha@hva.nl

About the project 

Website (in dutch)
http://www.hva.nl/kc-onderwijs-opvoeding/gedeelde-content/projecten/projecten-algemeen/interactive-virtual-
math.html

Publications
Palha, S. (2017). Students learning with Interactive Virtual Math: an exploratory study in the classroom. Ensino e 
Tecnologia em Revista 1 (1), p.80-102. ISSN: 2594-3901.

Palha, S.A.G. & Koopman, S. (2017). Learning with Interactive Virtual Math in the classroom. Proceedings of ICMT13 (13th 
International Conference on Technology in Mathematics Teaching). Lyon, France

Palha, S., & Koopman, S. (2017). Interactive Virtual Math: a tool to support self-construction graphs by dynamical 
relations. Proceedings of CERME10 will be available at HAL archives website: https://hal.archives-ouvertes.fr/ (see more 
info about CERME10 at www.cerme10.org).

http://www.hva.nl/kc-onderwijs-opvoeding/gedeelde-content/projecten/projecten-algemeen/interactive-virtual-math.html
https://hal.archives-ouvertes.fr/
http://www.cerme10.org/


Re-design (concept version)



Re-design (concept version)

https://app.dwo.nl/dwo/apps/player.html#570645
https://app.dwo.nl/dwo/apps/player.html#570660 (englisch)

https://app.dwo.nl/dwo/apps/player.html#570672
https://app.dwo.nl/dwo/apps/player.html#570673 (englisch)

https://app.dwo.nl/dwo/apps/player.html#570645
https://app.dwo.nl/dwo/apps/player.html#570660
https://app.dwo.nl/dwo/apps/player.html#570672
https://app.dwo.nl/dwo/apps/player.html#570673
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